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Elementary models of the ‘‘flux driven
anti-ripening’’ during nanobelt growth

Andriy Gusak, a Yaroslav Huriev,a Oleksandr I. Malyi *b and Yuxin Tang *c

A stirring solution hydrothermal approach is widely used to rationally grow elongated oxide nano-

structures with controllable aspect ratios. Depending on the synthesis conditions, the following

are observed: (i) no nanostructure formation (the system exists as a pure liquid), (ii) formation of

nanostructure starting from a critical powder/initial volume of the liquid solution, and (iii) monotonic

increase in the nanostructure’s aspect ratio (towards asymptotic value) with stirring rate. Despite these

experimental observations, the theoretical understanding of the process is limited. Herein, using an

athermal ballistic atomic jump model, we develop a phenomenological theory of nanostructure growth

under different stirring rates, demonstrating the conditions necessary for breaking the equilibrium Wulff

shape, the formation of elongated one-dimensional structures, and explaining regimes (i–iii) reported

experimentally. Moreover, the comparison of the phenomenological models without and with the account

of ripening effects in the open ensemble of nanowires under stirring provides the theoretical guidance for

the controllable growth of elongated nanostructures by the stirring solution hydrothermal approach.

1. Introduction

The rational design and fabrication of nanostructures with
tunable sizes has been a subject of intensive research due to
their wide applications in materials science and technology.1–4

Recently, a stirring solution hydrothermal approach (Fig. 1) was
applied to rationally grow the elongated one-dimensional (1D)
nanostructures of V2O5 or TiO2

5,6 with different aspect ratios.
The stirring process enables the homogeneous mixing of reac-
tants in a solution and increases reaction rate when comparing
to static condition. Thus, it is able to generate the uniform
morphology of products on a large scale. For V2O5 formation
under room temperature and normal pressure (Fig. 1a), unlike
the commonly recognized Ostwald ripening process that involves
the dissolution of small crystals and the redeposition of the
dissolved species on the more energetically favored large parti-
cles, this preparation shows that the reaction mechanism of the
method follows a different route, in which the large commercial
V2O5 powders (1–4 mm) dissolve in the solution and eventually
transform into V2O5 nanobelts with lengths up to several tens of
micrometers, widths of 5–50 nm, and thicknesses of only B5 nm
(Fig. 1b and c).6,7 The formation process can also be found in

the TiO2-based nanotubes under a high-pressure hydrothermal
reaction. As shown in Fig. 1d and e, a stirring hydrothermal
method8–10 can be achieved on a typical hot plate magnetic
stirrer, which simultaneously provides heating and mechanical
stirring without reconstructing a typical hydrothermal setup or
utilizing other external apparatuses. We observed an apparent
morphology dependence of the growth product on the stirring
rate, and a clear increase in the diameter and length of the
resulting 1D titanate nanostructures was seen when the stirring
rate was increased.6 The average length of the titanate nano-
structures increases from 0.4 mm to 30.7 mm (Fig. 1f) when the
stirring rate increases from 0 rpm to 500 rpm. The length of long
titanate nanotubes formed at 500 rpm is about two orders of
magnitude longer than the literature reported value of titanate
nanotubes synthesized under static conditions.

Despite significant progress in the experimental insight into
the nanostructure growth, the fundamental understanding of
the growth mechanism at the atomic level is missing. The
available theoretical studies describe nanostructures using
the (i) Wulff shapes and available surface energies11 or
(ii) layer-by-layer material growth.5 By definition, the Wulff
construction determines equilibrium shape, which, however,
is often not achieved during a material synthesis. The layer-by-
layer growth model does not account for the stirring rate, which
is indeed the main factor in causing the deviation from the
ideal Wulff shape in the stirring solution approach. In light of
this, herein, we present two elementary semi-phenomenological
models of the recently observed formation of the elongated
nanobelts/nanotubes of V2O5 or TiO2 under stirring of a solution.
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We envision that our approach and the proposed model should be
useful to any other nanostructure formation under the external
fluxes of energy in an open system.

In our elementary models (below), we follow the concept of
Martin et al. invented in the 80s for the description of radiation-
induced transformations and later generalized for other ‘‘driven’’
systems such as materials under ball-milling.12–14 Transforma-
tions in driven systems represent an example of the general
concept of flux-driven transformations in open systems.15,16

In particular, the flux-driven ripening demonstrates the case when
the total interface area may not decrease if ripening proceeds in
the open system.15,16 In our case, the total interface area can even
increase, therefore it is called ‘‘anti-ripening’’.5 Herein, the main
idea is the addition of athermal (caused not by thermal fluctua-
tions but instead by some external influence) ballistic atomic
jumps to the standard thermal jumps governed by the Boltzmann
statistics. In our case, the ballistic jumps are the athermal acts of
the dissolution of atoms from the crystal into the liquid, while the
stirring of the liquid is the source of the ballistic jumps.

In Model 1, we neglect the competition between different
particles in the solution (leading to ripening) but take into
account the competition between different facets of the same
particle and the liquid solution in the open system under the
ballistic jumps. One may easily anticipate that the ballistic
erosion of atoms can lead to a very significant deviation from
the Wulff rule for the ratio of the facets’ areas. It seems evident

that the erosion of unlike facets is different due to the different
energies needed to take the atoms from the facets into the
solution. It might be assumed that the size normal to the facet
with minimal erosion should grow faster than others. Since the
quantity of material per one particle (belt) in Model 1 is limited,
the increase in the length of the nanostructure means simulta-
neously decrease in its width and thickness. In reality, one may
expect a different behavior due to the ripening effects when
some belts are totally dissolved, and their material is used for
feeding the more lucky neighbors. This effect is taken into
account in Model 2, where we consider the so-called stirring-
driven ripening in an open system, which is very different from
the classic Ostwald ripening described by the Lifshits–Slyozov–
Wagner (LSW) theory.17–19 In classic ripening, the driving force
is the minimization of the total interface energy, and the result
is a reduction of the total interface area due to the growth of
larger (overcritical) particles at the expense of smaller (under-
critical) particles. Ripening or coarsening under the external
fluxes of matter or energy in open systems might lead to a
constant area (flux-driven ripening,20 flux-driven grain growth21)
or even lead to an increase in the interface area.5 Evidently, the
anisotropy of erosion is not the sole reason for the very elongated
shape since such shapes are obtained in other regimes – without
stirring but under vapor deposition as well. In general, deviations
from equilibrium Wulff rule can be caused by any nonequilibrium
factor – not only by the ability of erosion (detachment) for

Fig. 1 Flux driven growth of elongated nanostructures. (a) Digital photographs showing the reaction bottle after the growth of V2O5 nanobelts under normal
pressure. (b and c) Field emission scanning electron microscopy (FESEM) and transmission electron microscopy (TEM) images of V2O5 nanobelts obtained in an
aqueous NaCl (2.0 M) solution at room temperature for 72 h.5 Reproduced with permission. Copyright 2016, Elsevier. (d and e) Schematic of the formation
process of elongated TiO2-based nanotubular structures under the stirring hydrothermal process at 130 1C. (f) Typical FESEM images of the nanotubular
structures formed at the stirring rate of 500 rpm at a temperature of 130 1C for 24 h.6,7 Reproduced with permission. Copyright 2014, Wiley-VCH.
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different facets but also by the ability to attach the new-coming
atoms from the supersaturated solution. In our kinetic equations,
we take this second factor of anisotropy into account.

The structure of the paper is the following: in Section 2, we
formulate the Model 1 (single belt formation under stirring in
very limited volume). In addition, in Section 2.1, we formulate
the basic equations; in Section 2.2, we find the steady-state
solution and study its dependence on the stirring intensity;
in Section 2.3, we study the kinetics of approaching the steady-
state at various intensities. In Section 3, we formulate the
Model 2 – the stirring-driven shape evolution in the ensemble
with the account of ripening.

2. Model 1. Stirring-driven shape
evolution of single belt

Let us forget for a while about the dissolution of some particles
and the growth of other particles and concentrate on the
redistribution of material between the facets of a single particle
in very limited total volume. We want to check how far from the
Wulff rule the shape can deviate due to the external factor of
stirring the solution.

2.1. Basic equations

Herein, we consider a crystalline parallelepiped with sides a0,
b0, and c0 having corresponding surface tensions gbc, gca, and
gab placed inside a reservoir with total volume Vtot

1 (volume per
one belt). The direction and velocity of each facet (interface)
movement are determined by the balance of fluxes at the
interface crystal/liquid solution.

(Ccryst � Cliq)Ui = Jcryst(Y = Ycryst/liq
i � 0) � Jliq(Y = Ycryst/liq

i + 0)
(1)

Here, Y is the coordinate along the normal to the i-th facet,
Ycryst/liq

i is the coordinate with respect to the interface (actually,
facet), +0 means in the vicinity of the interface, but in liquid;
�0 means in the vicinity of the interface but in solid. Ui is
the growth velocity (if Ui is positive) or shrinkage velocity (if Ui

is negative) of the i-th facet. Jcryst(Y = Ycryst/liq
i � 0) is the flux

density at the crystal side of the crystal/liquid interface, which
is practically zero within the crystalline phase at an ambient
temperature. Jliq(Y = Ycryst/liq

i + 0) is the flux density at the liquid
side of the crystal/liquid interface; within the liquid solution,
this flux is an algebraic sum of outflux and influx. The influx
contains only the thermal part. Outflux contains two parts – the
thermal part and ballistic part (proportional to the intensity of
stirring). In particular,

J liq Y ¼ Y
cryst=liq
i þ 0

� �

¼ Ccryst � d � ncryst0 exp �E
saddle
i � E

cryst
i

kT

� �
þ nballistici

� �

� Cliq � d � nliq0 exp �E
saddle
i � Eliq

kT

� �
þ 0

� �
(2)

Here, d is the width of the crystal–liquid interface zone, where
the atoms of crystal or solute attempt to detach or attach at the
i-th facet. Ccryst�d and Cliq�d are the number of atoms per unit
area in this zone from the crystal and liquid side, respectively.
ncryst

0 and nliq
0 are the corresponding attempt frequencies.

Ecryst
i is the energy of this atom/ion before detachment at the

i-th facet. Eliq is the energy of this atom/ion before attachment.
Esaddle

i is the saddle-point energy during detachment. In further
discussions, we denote the minimal (among all facets) saddle-
point energy as Esaddle

min . Ballistic frequency (nballistic
i ) is a prob-

ability per unit time for any atom at the i-th facet to be detached
by the stochastic forces due to stirring. In our mode as well as
in Martin’s approach,12–14 this ballistic frequency does not
depend on temperature.

In the absence of stirring (nballistic
i = 0), the ballistic part is

zero, so that thermally activated influx and outflux eventually
lead to thermal equilibrium with an account of the Gibbs–
Thomson capillary effect.

nballistici ¼ 0; J liq Y ¼ Y
cryst=liq
i þ 0

� �
¼ 0

) Ccrystncryst0 � exp �E
saddle
i � Ecryst

i

kT

� �
¼ Cliq

eq � n
liq
0

� exp �E
saddle
i � Eliq

kT

� �

) Cliq
eq ¼ Ccrystn

cryst
0

nliq0
exp �E

liq � E
cryst
i

kT

 !

(3)

Elementary considerations of the Gibbs–Thomson effect
lead to the following account of the size effect in case of
parallelepiped shape:

Ecryst
bc ¼ Ecryst þ 2gabO

c
þ 2gcaO

b
;

Ecryst
ca ¼ Ecryst þ 2gbcO

a
þ 2gabO

c
;

E
cryst
ab ¼ Ecryst þ 2gcaO

b
þ 2gbcO

a

(4)

Here, Ecryst is the energy per atom in the bulk, Ecryst
bc is the

energy per atom at the facet bc, etc. a, b, and c are the
geometrical sizes of the nanobelt (in our case, they are mutually
perpendicular). O is the volume per atom in the crystalline
phase. We remind the idea of the derivation for a faceted
rectangular crystal, for example, the bc-facet is

mcrystbc ¼ @G

@N
¼

mcryst � bcda
O
þ 2gabbdaþ 2gcacda

bcda

O

¼ mcryst þ 2gabO
c
þ 2gcaO

b
:

(5)

So far, we consider only the case of small Gibbs–Thomson para-

meters:
2gbcO
akT

;
2gcaO
bkT

;
2gabO
ckT

o0:2) expð2gO=kTÞ�1þ2gO=kT ,

PCCP Paper

Pu
bl

is
he

d 
on

 2
6 

M
ar

ch
 2

02
0.

 D
ow

nl
oa

de
d 

by
 U

ni
ve

rs
ity

 o
f 

C
ol

or
ad

o 
at

 B
ou

ld
er

 o
n 

4/
29

/2
02

0 
6:

50
:2

8 
PM

. 
View Article Online

https://doi.org/10.1039/c9cp06337d


Phys. Chem. Chem. Phys. This journal is©the Owner Societies 2020

so that

exp
Ecryst
bc

kT

 !
¼ exp

Ecryst

kT

� �
exp

2gabO=cþ2gcaO=b
kT

� �

�exp Ecryst

kT

� �
1þ2O

kT

gab
c
þgca

b

� �� �

Substituting eqn (3) into eqn (2) gives:

Ji
liq Y¼Yi

cryst=liqþ0
� �

¼� Cliq�Cliq
eq

� �
�d �nliq0 exp �Ei

saddle�Eliq

kT

� �

þCcryst �d �niballistic

(6)

Here,

Cliq
eq near facetbcð Þ�Cliq

eq 1þ2O
kT

gab
c
þgca

b

� �� �

Cliq
eq near facet cað Þ�Cliq

eq 1þ2O
kT

gbc
a
þgab

c

� �� �

Cliq
eq near facetabð Þ�Cliq

eq 1þ2O
kT

gca
b
þgbc

a

� �� �
(7)

Further, we introduce the reduced time (with units of length)

t¼ tdnliq0 exp �E
saddle
min �Eliq

kT

� �
(8)

reduced ballistic outfluxes and attachment effectivenesses:

fi¼Ccrystn
ballistic
i

nliq0
exp

Esaddle
i �Eliq

kT

� �
;

ki¼ exp �E
saddle
i �Esaddle

min

kT

� � (9)

If size a grows faster than other sizes, it means that most probably
Esaddle

min = Esaddle
a , so that ka = 1, kb o 1, and kc o 1.

Stirring means additional outfluxes into the liquid, leading
to additional supersaturation. In general, they are different at
different facets:

Ccryst � Cliq
� �dða=2Þ

dt

¼ ka Cliq � Cliq
eq

� �
�
2Cliq

eqO

kT
� gab

c
þ gca

b

� �
� fa

 !
;

(10.1)

Ccryst � Cliq
� �dðb=2Þ

dt

¼ kb Cliq � Cliq
eq

� �
�
2Cliq

eqO

kT
� gab

c
þ gbc

a

� �
� fb

 !
;

(10.2)

Ccryst � Cliq
� �dðc=2Þ

dt

¼ kc Cliq � Cliq
eq

� �
�
2Cliq

eqO

kT
� gbc

a
þ gca

b

� �
� fc

 ! (10.3)

Ccrystabcþ Cliq V tot
1 � abc

� �
¼ Ccrysta0b0c0 þ Cliq

0 V tot
1 � a0b0c0

� �
¼ const) V tot

1 � abc
� �dCliq

dt

¼ � Ccryst � Cliq
� �

ab
dc

dt
þ bc

da

dt
þ ca

db

dt

� �
(10.4)

Eqn (10.4) means just conservation of matter.
For simplicity, we assume that just after placing the powder

into the liquid, the initial concentration of solute in the liquid
can be taken as zero: Cliq

0 = 0. We also rewrite surface tensions

as gab = kabg0, gbc = kbcg0, and gca = kcag0, where g0 ¼ 1
J

m2
; we

introduce parameter P with a dimension of length P ¼ 2g0O
kT

� �
,

the reduced concentration in solution x ¼ Cliq

Ccryst

� �
, and nota-

tion Fa,b,c = fa,b,c/C
cryst. Then, eqn (10) transforms into the

following non-dimensional form of the right-hand side, con-
venient for numeric solution:

da

dt
¼ 2ka

1� x
x� xeq
� �

� P � kab

c
þ kca

b

� �
� Fa

� �

db

dt
¼ 2kb

1� x
x� xeq
� �

� P � kbc

a
þ kab

c

� �
� Fb

� �

dc

dt
¼ 2kc

1� x
x� xeq
� �

� P � kca

b
þ kbc

a

� �
� Fc

� �

dx

dt
¼ � 1� xð Þ a � b � dc=dtþ b � c � da=dtþ c � a � dc=dtð Þ

V tot
1 � abc

(11)

2.2. Steady-state solution

The steady-state case (zero values of all four derivatives in eqn (11))
gives the following expressions for sizes and supersaturation:

ast ¼ 2Pkbc

xst � xeq � Fb þ Fc � Fað Þ; (12.1)

bst ¼ 2Pkca

xst � xeq � Fc þ Fa � Fbð Þ; (12.2)

cst ¼ 2Pkab

xst � xeq � Fa þ Fb � Fcð Þ; (12.3)

xst � x0 þ 1� xst
� � 8P3

�
V tot

1

� �
kabkbckca

xst � xeq � Fb þ Fc � Fað Þ
� �

xst � xeq � Fc þ Fa � Fbð Þ
� �

xst � xeq � Fa þ Fb � Fcð Þ
� �� a0b0c0

V tot
1

1� x0ð Þ ¼ 0

(12.4)
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Keeping in mind that Vtot
1 is not the total volume of all the

system but only the volume of the system per one nanobelt, the
stationary composition xst can be found from eqn (12.4) and
then substituted into eqn (12.1)–(12.3). From several possible
solutions, one should choose only those that correspond to the
positive sizes of nanobelt (a, b, and c). Although exact results
depend on two non-dimensional parameters

q � 8P3
�
V tot

1 ¼ 8
2g0O
kT

� �3
,

V tot
1 and Z � a0b0c0

V tot
1

1� x0ð Þ;

(13)

if Fa o Fb o Fc, it is easy to see that the ballistic erosion of the
bc-facet is minimal.

2.2.1. Steady-state without stirring. If we do not use stir-
ring (Fa = Fb = Fc = 0), the steady-state immediately leads to the
Wulff rule:

ast ¼ 2Pkbc

xst � xeq
; bst ¼ 2Pkca

xst � xeq
; cst ¼ 2Pkab

xst � xeq
;

so that ast : bst : cst ¼ gbc : gca : gab

(14)

Thus, our model satisfies the well-known rule that a new
theory (if correct) should contain an old theory as a limiting case.

2.2.2. Steady-state with stirring at the fixed composition.
We started our analysis with a somewhat artificial case of when
the composition of solution xst is fixed. Subsequently, we have
considered the case Fa o Fb r Fc. For instance, let us assume
that Fa = 0.1, Fb = 0.2, and Fc = 0.3, then the eqn (12.1)–(12.3)
make sense only if xst � xeq 4 (Fb + Fc � Fa) = 0.4. The elongated
shape is formed if the value of the reduced composition x is just
a bit higher than Fb + Fc � Fa (as it is also demonstrated in self-
consistent solution 2.2.3). For example, for xst � xeq = 0.41, the
eqn (12.1)–(12.3) give: ast : bst : cst E 40gbc : 2gca : 1gab. This rough
evaluation demonstrates the possibility of a crucial deviation
from the equilibrium Wulff shape.

2.2.3. Self-consistent steady-state solution for nanobelt
sizes and composition of the solution. Depending on the value

of parameter Z ¼ a0b0c0

V tot
1

, eqn (12.4) may or may have not the

physically reasonable roots (any value of x less than Fb + Fc � Fa

corresponds to negative a or/and b, which is unphysical).
For example, let Fa = 0.15, Fb = 0.20, and Fc = 0.25, so that
Fb + Fc � Fa = 0.3, Fc + Fa � Fb = 0.2, and Fa + Fb � Fc = 0.1, then
only roots with x 4 0.3 can correspond to positive steady-
state sizes. In Fig. 2a (undercritical Z), we see that there are
no physical roots (no intersection of the LHS of eqn (12.4)

with abscissa axis at x 4 0.3). In Fig. 2b (overcritical Z),
one has two roots (two intersections with abscissa axis at
x 4 Fb + Fc � Fa = 0.3), only one of which (smaller one) is
stable (see below).

The stability of roots for the stationary regime requires
that all three roots l1, l2, and l3 of the characteristic eqn (15)
must have negative real parts as the time evolution of any
deviation from the steady-state is a linear combination of three
exponential functions exp(lmt), m = 1, 2, 3. To provide stability
with respect to arbitrary deviations from the steady-state,
all three exponents should tend to zero with the increase
in time.

Numeric solution of eqn (15) shows that the stable root
corresponds to the intersection with a negative derivative. Our
numeric analysis of the set (12.1)–(12.4) also shows that the
stable root for reduced concentration x is rather close to
the maximal divergence point (zero in the denominator) for
the eqn (12.4):

xst = xeq + (Fb + Fc � Fa) + e, e { 1 (16)

Then, we substitute eqn (16) into eqn (12.4) at x0 = 0
neglecting the higher orders of e and get

e ¼
1� xeq � Fb þ Fc � Fað Þ
� �

2P3
�
V tot

1

� �
kabkbckca

Fb � Fað Þ Fc � Fað Þ a0b0c0

V tot
1

� xeq � Fb þ Fc � Fað Þ
� � (17)

while combining eqn (16) and eqn (12.1)–(12.3) results in

ast ¼ 2Pkbc

e
; (18.1)

bst ¼ Pkca

Fb � Fað Þ þ e=2
(18.2)

cst ¼ Pkab

Fc � Fað Þ þ e=2
(18.3)

Of course, the steady-state solution (eqn (17) and (18)) is
only approximate, but it gives us some criterion – steady-state is
possible only if

a0b0c0

V tot
1

� xeq 4 Fb þ Fc � Fað Þ: (19)

If eqn (19) is not valid, then all solid particles dissolve. The
time evolution of such a system after stirring is stopped is a
separate problem related to heterogeneous nucleation sites for
crystallization from a supersaturated solution. Hence, this result
explains why the experimental formation of nanostructures is

det

� 2bstcst

V tot
1 � astbstcst

� l � 2astcst

V tot
1 � astbstcst

þ 2Pkca

1� xstð Þ bstð Þ2
� 2astbst

V tot
1 � astbstcst

þ 2Pkca

1� xstð Þ cstð Þ2

� 2bstcst

V tot
1 � astbstcst

þ 2Pkbc

1� xstð Þ astð Þ2
� 2astcst

V tot
1 � astbstcst

� l � 2astbst

V tot
1 � astbstcst

þ 2Pkca

1� xstð Þ cstð Þ2

� 2bstcst

V tot
1 � astbstcst

þ 2Pkbc

1� xstð Þ astð Þ2
� 2astcst

V tot
1 � astbstcst

þ 2Pkca

1� xstð Þ bstð Þ2
� 2bstast

V tot
1 � astbstcst

� l

																

																

¼ 0 (15)

PCCP Paper

Pu
bl

is
he

d 
on

 2
6 

M
ar

ch
 2

02
0.

 D
ow

nl
oa

de
d 

by
 U

ni
ve

rs
ity

 o
f 

C
ol

or
ad

o 
at

 B
ou

ld
er

 o
n 

4/
29

/2
02

0 
6:

50
:2

8 
PM

. 
View Article Online

https://doi.org/10.1039/c9cp06337d


Phys. Chem. Chem. Phys. This journal is©the Owner Societies 2020

possible only for certain conditions, indirectly suggesting how
such conditions can be reached. One should note, however, that
the exact steady-state solution is possible only by the numeric
method applied to eqn (12.1)–(12.4).

2.3. Non-stationary solution in Model 1 for single belt
evolution under stirring

Characteristic time evolution of the nanobelt sizes as well as

the evolution of the ratio
x

xeq
¼ Cliq

C
liq
eq

under initial condition

x = xeq before stirring is shown in Fig. 3. At the chosen
parameters (Fa = 0.1, Fb = 0.2, and Fc = 0.3), one of the sizes
grows very substantially and the other two decrease. These results
thus demonstrate that stirring does not only change the equili-
brium shape but also can result in direction-dependent growth
modes, suggesting unique opportunities for material syntheses
if the ballistic outfluxes for different facets can be controlled
precisely.

The increase in the stirring rate always leads to the higher
longitudinal size – at any point of time and for asymptotic
behaviors (Fig. 4a). As for transversal sizes, they can behave
even non-monotonically with time, but asymptotically an
increase in the stirring rate leads to smaller transversal sizes
(Fig. 4b). In the Model 1, we provide the possibility of the
variation in the stirring rate by multiplying the chosen para-
meters Fa, Fb, and Fc by the same factor kF. To the best of our
knowledge, at least from experiments for TiO2, experimentally
it maybe not the case. Therefore, it is very important to take
into account the growth of some nanobelts at the expense of
others (ripening) in the conditions of the open system under
stirring. It is done in Model 2 (see below), demonstrating how
such an account is useful for comparison with the experiment.

The presented elementary Model 1 demonstrates the possibi-
lity of modifying the existing models of the flux-driven phase and
structure transformation phase transformations in open systems
for the case of shape transformation.

3. Model 2. Ensemble of nanobelts
under stirring and ripening

Model 1 successfully describes the formation of very elongated
single particles. Naturally, in such cases, only two final results
are possible: (1) steady-state elongated belt and (2) full dissolu-
tion of the belt under vigorous stirring. On the one hand, more
elongation for a single particle in the fixed volume means
smaller lateral sizes. On the other hand, the experimental
data6 show that with an increase in the stirring intensity both
the length and two other dimensions can increase (at least, for
TiO2 case). Of course, it can only be possible if the number of
particles (belts) decreases. The account of competition within
the ensemble of belts via the mean-field solution under stirring
is the main point of the Model 2.

Here, we consider M0 number of particles with the
spread of initial sizes a[i], b[i], c[i] (1 r i r M0) in the
total volume Vtotal = M0Vtot

1 . A concrete form of the initial
spread is not important due to size instability in ripening
processes; therefore, the only thing important is that the
initial dispersion is not zero. In this study, the spread is
initialized by

a[i] = a0(1 + Da�(2random � 1)) (20)

with dimensionless spread Da = 0.1. The analogic equations for
b and c are used.

Fig. 2 Numeric solution of eqn (12.4) for reduced concentration for undercritical (a) and overcritical (b) values of parameter Z � a0b0c0

V tot
1

. The unitless

parameter q � 8P3
�
V tot

1 ¼ 8
2g0O
kT

� �3
,

V tot
1 is taken to be 3.037 � 10�7. The initial concentration is set to be zero, x0 = 0. In case (a) (Z = 0.2968),

eqn (12.4) has 2 roots (black dots at the intersections of the f (x) curve with abscissa) both of which are unphysical since they are less than Fb + Fc � Fa =
0.3 (shown as blue line); it means that eventually we have the full dissolution. In case (b) (Z = 0.7124), we have 4 roots, 2 of which are unphysical (black
dots) one more is unstable (cross) and only one is stable and physical (square); it means that we should observe the nanobelt growth to an asymptotic
length (if one neglects ripening between nanobelts).
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To describe the time evolution of the particles, we introduce
an additional array alive[i] for all particles. Its elements initially
are equal to 1 and become 0 if the i-th particle disappears (one
of its sizes becomes zero or negative). At any moment of time,
the total crystal volume is

Vcryst ¼
XM0

i¼1
a½i�b½i�c½i�alive½i�: (21)

Conservation of matter takes the form:

dx ¼ �dV
crystð1� xÞ

V total � Vcryst
(22)

Equations of size evolution are similar to eqn (11):

da½i�
dt

¼ 2ka
1� x

x� xeq
� �

� P � kca

b½i� þ
kab

c½i�

� �
� Fa

� �

db½i�
dt
¼ 2kb

1� x
x� xeq
� �

� P � kab

c½i� þ
kbc

a½i�

� �
� Fb

� �

dc½i�
dt
¼ 2kc

1� x
x� xeq
� �

� P � kbc

a½i� þ
kca

b½i�

� �
� Fc

� �
(23)

Eqn (20)–(23) provide the full set of equations for calculating
the evolution of the size distribution, mean size, and liquid
composition. Examples of numeric simulations by Model 2 are
shown in Fig. 5 and 6. We assume that all three erosion factors

Fig. 4 Reduced time dependences of (a) the length and (b) width of nanobelt calculated for various intensities of stirring according to eqn (11). Variation
in the stirring rate was provided by multiplying the chosen ballistic parameters by the same factor kF. The results are given for the same set of input
parameters, as shown in Fig. 3.

Fig. 3 Typical evolution of (a) nanobelt sizes and (b) supersaturation
x

xeq
¼ Cliq

C
liq
eq

as a function of reduced time (measured in nanometers),

t ¼ tdnliq0 exp �E
saddle
min � Eliq

kT

� �
computed according to eqn (11) at the values of ballistic terms Fa = 0.1, Fb = 0.2, and Fc = 0.3. All sizes are

presented in the logarithmic scale. Parameters of calculations are following: P = 0.45 nm, time step of 0.1 nm, the normalized surface energies
of kab = 1.5, kbc = 0.5, kca = 1.0, equilibrium concentration xeq = 5 � 10�2, Vtot

1 = 1 � 10�21 m3, and ka = kb = kc = 1; initial sizes are a0 = 150 nm,
b0 = 100 nm, and c0 = 50 nm.
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Fa, Fb, and Fc are proportional to the same stirring intensity,
which we characterize by the factor kF. In our numeric scheme,
we include the moment when stirring abruptly stops and
ballistic terms Fa, Fb, Fc abruptly become zero. So far, we have
taken for granted the fact that the supersaturation caused when
the stirring is stopped does not lead to the nucleation of new
particles but only to the growth of already existing belts (survivors).
We add evolution after stirring since it corresponds to the real
process. Moreover, evolution after stirring stopped might change
the result: For example, at Fig. 5 the dependence of the transversal
mean size on the stirring rate transforms from monotonic (Fig. 5a)
into sometimes a nonmonotonic one (Fig. 5b).

Fig. 6a shows that the longitudinal mean size in Model 2 always
grows faster at a higher stirring rate, but the behavior of the mean
transversal size is not so evident. Ripening between belts always
leads to an increase in the mean length; however, in particular cases,
it can lead to an increase in the mean width with an increase in the

stirring intensity (Fig. 6b). Typical time dependences of the mean
sizes of the remaining particles (for symmetric case, b = c) are shown
in Fig. 6. In particular, Fig. 6a (dependence of the longitudinal mean
size on the stirring rate) closely resembles the experimental data for
TiO2 nanostructures.6 However, it should be noted that Fig. 6b
(dependence of the transversal mean size on the stirring rate) does
not correspond to experimental data for TiO2 for the selected
modeling parameters (so far, we have no data for the V2O5 transver-
sal size dependence on the stirring rate). We believe that our model
can be further improved to account of the nonlinear dependence of
the growth/shrinkage rate on supersaturation and on facet size.

4. Conclusions

By introducing the ballistic jumps related to the intensity of
stirring, we developed a model that describes breaking the

Fig. 5 Reduced time dependencies of the (a) longitudinal and (b) transversal mean sizes (here, c = b), including some time intervals after mixing
(rotation) stops. Numeric calculations according to eqn (21)–(23) using different intensity factor kF for the ensemble of 10 000 initial particles with
randomized initial sizes generated according to eqn (20) (mean sizes are a0 = 150 nm, b0 = 100 nm, and c0 = 50 nm). The initial small decrease in (a) is
evidently caused by the chosen initial zero concentration. Initially, all particles decrease their volume to saturate the liquid solution. Stirring was stopped
when the reduced time reached the value 30 mm. At this stage, according to Model 2, the longitudinal mean size decreases, and the transversal mean size
increases at least for the chosen parameters. The results are obtained for the given ballistic terms of Fa = 0.1, Fb = 0.2, Fc = 0.2 and attachment
effectivenesses ka = 1, kb = 0.02, kc = 0.02. Other parameters coincide with parameters used in Fig. 3.

Fig. 6 Typical dependencies of the (a) longitudinal and (b) transversal mean sizes (here, c = b) of nanobelts on the intensity factor kF at the fixed reduced
stirring time of 30 mm. Other parameters coincide with parameters used in Fig. 5.
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equilibrium Wulff construction of metal oxide nanostructures.
We defined simple analytical expressions describing three
main experimentally observed regimes: (i) no nanostructure
formation (the system exists as a pure liquid) under condition

V solid
0

V tot
1

oxeq þ Fb þ Fc � Fa (see eqn (19)), (ii) formation of

nanostructure starting from
V solid

0

V tot
1

4xeq þ Fb þ Fc � Fað Þ critical

powder/initial volume of a liquid solution, and (iii) monotonic
increase in the nanostructure’s aspect ratio (towards asymptotic
value) with stirring rate. Importantly, we demonstrated that the
longest dimension is normal to the facet, at which the ballistic
jump frequency is the smallest. The higher intensity of stirring
results in the longer nanobelt. These results thus suggest a unique
understanding of the synthesis process and the possibility of
tailoring the nanostructures if the ballistic outfluxes for different
facets can be controlled precisely. The proposed models are only
the first step in understanding the regularities of stirring-induced
morphology evolution based on the phenomenological concept of
ballistic jumps, and can be further improved by (i) the analysis of
the non-linear dependence of the growth/shrinkage velocity on
supersaturation (particularly at high supersaturations); (ii) explora-
tion of size dependence of the growth/shrinkage mechanism –
from Frank dislocations for macroscopic crystals to the growth
controlled by the nucleation of 2D-islands for nanosized crystals;
(iii) performing the kinetic Monte Carlo modeling of stirring-
induced ensemble evolution and molecular dynamics simulations
of the stirring-induced crystal shrinkage.
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