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Kinetic analysis of the instability of hollow nanoparticles
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A general method of obtaining hollow nanoparticles by utilizing the Kirkendall
effect has been reported recently. We examine here the thermal instability of
hollow nanoparticles. The difference of vacancy concentrations at the inner and
outer surfaces of a nanoshell will generate an outflux of vacancies and transform
it into a solid nanoparticle. Phenomenological as well as kinetic Monte Carlo
modeling has been applied to analyse the shrinking kinetics of nanoshells,
consisting of either a pure element or an intermetallic compound with large
difference of partial diffusivities of the components. Shrinking kinetics and time
to collapse to solid particles are demonstrated to be determined mainly by the
slow diffusant, making compound nanoshells more stable than anticipated.

1. Introduction

Recently, a method of producing hollow nanoparticles, based on the Kirkendall
effect [1], was reported [2]. Reaction of nanosize Co particles in S or O2/Ar ambient
lead to the formation of hollow Co3S4 and CoO nano particles, respectively.
Assuming that Co is the faster diffusing species in the reactions, the in-flux of
vacancies into a confined nanoshell of Co3S4 or CoO will form a hollow nano-
particle. While this method opens a new direction in manufacturing nanoscale
materials, it has been noticed [3] that such nanoshells or nanovoids structure should
be unstable. It is energetically favourable for a nanoshell to shrink into a compact
nanosphere:

� � 4pr2i0 þ 4pr2e0
� �

> � � 4pr2f , ð1Þ

(� – surface tension, ri0, re0 – initial inner and external radii of nanoshell, rf – final
radius of collapsed particle), with conservation of volume implying:
ð4p=3Þðr3e0 � r3i0Þ ¼ ð4p=3Þr

3
f .

The proposed atomistic mechanism of shrinking is the vacancy flux from the
inner surface (with radius ri) to the external surface (with radius re). The driving force
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of the vacancy flux is the difference of vacancy/atoms chemical potentials and
corresponding difference of equilibrium vacancy concentrations at the curved
interfaces, CV (ri)>CV (re). This Gibbs–Thomson effect can be expressed, in linear
approximation so far, as

CV ðriÞ ¼ C
eq
V � 1þ

�

ri

� �
,

CV ðreÞ ¼ C
eq
V � 1�

�

re

� �
,

ð2Þ

with �¼ (2��/kT ), � – atomic volume, concentration C meaning the fraction
of vacant lattice sites. C

eq
V refers to the equilibrium concentration of vacancies

with respect to a planar surface. The linear approximation holds if ri � �. If the
term �/r becomes comparable with unity, we’ll need to reformulate equation (2)
using the exponential size dependencies.

Thus, for the case of nanoshells of a single element the physical picture of
shrinking seems very clear. It is analogous to the LSW theory of caking [4], when
voids are dissolved by vacancy fluxes to external surface. Yet, in the nanoshell case it
has a much more symmetrical picture: vacancies are generated at the inner surface
(void dissolution), migrate to the external surface, causing the in-flux of atoms
and movement of the inner surface, and annihilate at the external surface, causing
shrinking of the latter.

In case of a binary alloy or intermetallic compound (IMC) nanoshell, the process
is more complicated due to the ‘‘inverse Kirkendall effect’’ [5], which was discussed
in the problem of irradiation of an alloy with energetic particles. Since in an alloy or
intermetallic, one of the components may diffuse much faster than the other
(DB � DA), the vacancy flux should lead to a redistribution of the components –
segregation of B-atoms at the inner boundary, and of A-atoms near the external
surface. The arising concentration gradient @CB=@r will influence and reduce the
vacancy flux and hence will generate a tendency to suppress the shrinking process.
We will deduce below that the slower diffusing specie will control the shrinking rate.
Moreover, segregation is approximately inversely proportional to the square of the
inner radius. It means that sooner or later the concentration of B at the inner radius
will exceed the homogeneity limit of the IMC, and pure B component can precipitate
at the void/IMC interface. After this the shrinking should proceed further, ending
with tiny pure B nanoball inside an inhomogeneous (with concentration gradient
inside) IMC nanoshell. This kinetic process will be discussed in detail later.
To develop the kinetic equations, we shall use the formalism of the classic Darken
analysis of interdiffusion and take into account the non-equilibrium vacancies in the
interdiffusion. This formalism follows what was developed first by Nazarov and
Gurov [6] and later modified by Gurov and Gusak [7–9].

Here we present 4 models of the shrinking of hollow nanospheres with increasing
degree of complexity. Model 1 (subsection 2.1) describes the shrinking kinetics
of single element nanoshell in steady-state approximation for vacancies. Model 2
(subsection 2.2) describes the shrinking of a binary compound nanoshell in steady-
state approximation both for vacancies and for B-species, taking into account the
inverse Kirkendall effect. We will demonstrate that the steady-state approximation
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is good for vacancies, but not so well justified for the slow-diffusing B-component.
Therefore in Model 3 (subsection 2.3) we present a Stephan-like problem for
B-diffusion between moving boundaries, solving (numerically) Fick’s 2nd law for
B but still using steady-state approximation for the vacancy flux. Next Model 4
(Appendix A) is the most rigorous one (but most complicated and time consuming).
Here we solve numerically the set of non-steady-state diffusion equations for both
vacancies and species B. We compare the results of Models 1 to 4 and conclude that
in most cases Model 2 is sufficient for a rough estimate, but Model 1 may lead to
wrong predictions for the case of compounds. In Section 3 we consider the case of
pure B-segregation at the inner boundary. In Section IV we present the kinetic
Monte Carlo (kMC) simulations of nanoshell shrinking, comparing the cases
of single element and IMC nanoshell with the same average bonding energy,
and also comparing the kMC results with the phenomenological analysis.

2. Models of nanovoid shrinking

As already mentioned in the introduction section, any hollow nanoparticle should
shrink. The general driving force of shrinking is the same for a pure component shell
(Model 1) and for a IMC-shell (Models 2–4) – a decrease of total surface energy
(in other formulation – Gibbs–Thomson effect). Yet, the kinetics will be different.
The main differences are (1) segregation of fast diffusant at inner surface due to
the inverse Kirkendall effect, and (2) the resulting decrease of vacancy flux and
of corresponding shrinking rate. In general, the problem of interdiffusion within
a region with moving boundaries is rather complicated for rigorous solution.
So, we try to find a simplified model, which should be effective, but on the other
hand, should not lose the main feature of the full process. The main simplifications
are the steady-state approximations for the fluxes of vacancies and atoms. So, we
present here various models with increasing degree of complexity, and then find out
which model can be regarded as optimal for practical use for a given specific case.

2.1. Model 1: shrinking of pure element nanoshells

The vacancy out-flux is generated by the difference of equilibrium vacancy concen-
trations at two curved boundaries (figure 1). Vacancies are the only independent
diffusing species in this case. The equation governing the vacancy concentration
CV (fraction of vacant sites) inside the shell is:

@CV

@t
¼ �

1

r2
@

@r
r2�JV
� �

þ 0, riðtÞ < r < reðtÞ: ð3Þ

JV is a vacancy flux density, � is an atomic volume.
The term ‘‘þ0’’ in equation (3) is just to indicate that vacancies in our model are

generated and annihilated only at the inner and external surfaces of shell. We do not
consider any vacancy sinks/sources (dislocation kinks) inside the nanoshell.

The vacancy flux is governed by Fick’s first law:

�JV ¼ �DV

@CV

@r
: ð4Þ

Boundary conditions for vacancies were formulated by equation (2).
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Inner shell/vacuum (or inert medium) and external surfaces move due to

vacancy fluxes:

dri
dt
¼ ��JV ðriÞ ¼ DV

@CV

@r
r ¼ rið Þ, ð5Þ

dre
dt
¼ ��JV ðreÞ ¼ DV

@CV

@r
r ¼ reð Þ: ð6Þ

In steady-state approximation,

@CV

@t
� 0 ¼ �

1

r2
@

@r
r2�JV
� �

, ð7Þ

which leads to:

�JV ðriÞ ¼ �DV

@CV

@r
¼

KV

r2
, ð8Þ

so that

CV ðrÞ ¼
KV

DVr
þMV, ð9Þ

with KV (t), MV (t)¼ const with respect to r.
Substituting solution equation (9) into the Gibbs–Thomson boundary conditions

of equation (2), we obtain:

KV ¼ C
eq
V �DV � � �

re þ ri
re � ri

¼ D� � � �
re þ ri
re � ri

, ð10Þ

with D* being the self diffusivity of the pure element B.

B

re

ri

void

JV

Figure 1. Scheme of pure element shell shrinking.
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Substituting the expression of equation (10) into equations (5) and (6) for the

boundary movement, we obtain the simple equations for the shrinking kinetics:

dri
dt
¼ �

D��

r2i
�
re þ ri
re � ri

, ð11Þ

dre
dt
¼

D��

r2e
�
re þ ri
re � ri

: ð12Þ

Equations (11) and (12) are not independent and contain already the conserva-

tion of matter (and volume):

r3e ¼ r3i þ r3f : ð13Þ

Even this simple set of equations (11) and (12) can be solved only numerically.
To obtain an analytical estimate, we will use further assumptions. Let

�r � re � ri � ri: ð14Þ

Then conservation of volume gives

�r �
r2i0
r 2i

�r0: ð15Þ

Substitution of equation (15) into equation (11) and taking account of

equation (13) gives:

dri
dt
� �

2D��

r2i0�r0
ri, ð16Þ

which provides a shrinking behaviour of the inner radius for the initial stage

of shrinking:

ri ðtÞ � r0i � exp �
2D��

r2i0�r0
t

� �
: ð17Þ

An approximate shrinking time follows from equation (17)

tcollapse �
r 2i0�r0
2D��

¼
kT

4��

r2i0�r0
D�

: ð18Þ

Conservation of matter relates the initial parameters of the nanoshell with the

radius rf of resulting nanoparticle after the collapse of the nanoshell:

r2i0�r0 �
r3f
3
: ð19Þ

So, finally,

tcollapse �
kT

12��

r3f
D�
: ð20Þ
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To estimate the time of collapse of a nanoshell, we take typical parameters

rf¼ 4 nm, �¼ 0.5 J/m2, �¼ 4 � 10�29m3, D�A ¼ 3:25 � 10�8 expð�ð1:24 eV=kT ÞÞ m2=s
and we found that:

T ¼ 300K) tcollapse � 300 years,

T ¼ 600K) tcollapse � 1 s:

2.2. Model 2: shrinking of a binary compound nanoshell, with steady-state
approximation for both vacancies and B-species

As already mentioned in the introduction section, the vacancy out-flux should lead

to redistribution of components, i.e., segregation of the fast diffusant B atoms at the

inner boundary, and segregation of the slow diffusant A atoms near the external

surface (the segregation of A will be relatively less because of the larger total area

of the external surface).
At first the vacancy flux, caused by difference of curvatures and corresponding

vacancy concentrations, generates the inward migration fluxes JA, JB of both A and

B species (shrinking of nanoshell). Migration of B proceeds faster, leading to segre-

gation of B near the inner surface (figure 2). The arising concentration gradient of

B influences all fluxes: it decreases the vacancy flux, suppressing the shrinking

process; it also changes the fluxes of components. Here we use a phenomenological

model treating a total local vacancy concentration and total local fluxes of vacancies

and atoms. We don’t write down separately the fluxes and concentrations at

each sublattice. Different mobilities at different sublattices are taken into account

implicitly, via different intrinsic diffusivities of species A and B.

2.2.1. Basic equations. The equation for the vacancies is,

@CV

@t
¼ �

1

r2
@

@r
r2�JV
� �

þ 0, riðtÞ < r < reðtÞ ð21Þ

IMC

re

ri

void
JB JA

JV

DA<DB

Figure 2. Scheme of IMC shell shrinking, accompanied by B-segregation at inner surface.
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The equation for species B with concentration CB (local atomic fraction of B) is,

@CB

@t
¼ �

1

r2
@

@r
r2�JB
� �

, riðtÞ < r < reðtÞ: ð22Þ

Here the expressions for both fluxes should include the contributions from the

vacancy gradient, in contrast to classic Darken analysis [5–8]:

�JV ¼ DB �DAð Þ
@CB

@r
�DV

@CV

@r
, ð23Þ

�JB ¼ �DB

@CB

@r
þ
CBD

�
B

CV

@CV

@r
: ð24Þ

All fluxes are written down in the lattice reference frame. DB, D
�
B, DV are, respec-

tively, the partial diffusivity of B, the tracer diffusivity of B, and the diffusivity

of vacancies inside the nanoshell. In equations (23) and (24) we have neglected

Manning’s corrections (vacancy wind effect). It could be done but it would

make mathematical equations more cumbersome without a substantial change

of the main results.
Under the same assumption, the mentioned diffusivities are interrelated in the

following way:

DB ¼ D�B’, DA ¼ D�A’,

’ ¼
CACB

kT

@2g

@C2
B

,

DV ¼
CAD

�
A þ CBD

�
B

CV

:

ð25Þ

Here ’ is a thermodynamic factor, g is Gibbs free energy per atom.
As in Model 1, the inner and external surfaces move due to vacancy fluxes:

dri
dt
¼ ��JVðriÞ ¼ DB �DAð Þ

@CB

@r
ðr ¼ riÞ �DV

@CV

@r
ðr ¼ riÞ, ð26Þ

dre
dt
¼ ��JVðreÞ ¼ DB �DAð Þ

@CB

@r
ðr ¼ reÞ �DV

@CV

@r
ðr ¼ riÞ: ð27Þ

Boundary conditions for vacancies were formulated by equation (2).

Conservation of atoms of B implies that the flux of B across the moving boundaries

should be absent:

�JBðriÞ � CB rið Þ �
dri
dt
¼ 0, ð28Þ

�JBðreÞ � CB reð Þ �
dre
dt
¼ 0: ð29Þ

2.2.2. Main assumptions. Let the segregation be small, so that we can use
C1 instead of CB and 1�C1 instead of CA everywhere except derivatives

(C1 – stoichiometric concentration of B in IMC).
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The same is assumed for the vacancy concentration. Let �=r� 1, so that we can

use C
eq
V instead of CV everywhere, except derivatives.

The first two assumptions mean that we can treat all arising diffusivities

as almost constant.
We’ll use the steady-state approximation both for components and for vacancies:

@

@r
r2JV
� �

� 0,
@

@r
r2JB
� �

� 0,

so that

�JV �
KV

r2
ð> 0Þ, �JB �

KB

r2
ð< 0Þ, ð30Þ

which immediately leads (with almost constant diffusivities) to the same type of

dependence for both vacancies and component B:

@CV

@r
� �

LV

r 2
, ð31aÞ

@CB

@r
� �

LB

r 2
: ð31bÞ

From equation (31a) and boundary conditions equation (2) we obtain:

CV ¼MV þ
LV

r
ð32Þ

with

LV ¼ C
eq
V �

1=ri þ 1=re
1=ri � 1=re

, MV ¼ C
eq
V � 1�

2�

re � ri

� �
: ð33Þ

On the other hand, combining equations (26–31), we obtain the following

set of relations between parameters KV, KB, LV, LB:

KV ¼ �ðDB �DAÞLB þDVLV,

KB ¼ DBLB � ðC1 �D
�
B=CVÞLV,

KB ¼ �KVC1:

ð34Þ

This set of algebraic equations, together with equation (33), has the following

solution:

KV ¼ LV

D�AD
�
B

C
eq
V � ½C1 �D

�
A þ 1� C1ð ÞD�B�

¼
D�AD

�
B

C1 �D
�
A þ 1� C1ð ÞD�B

�
1=ri þ 1=re
1=ri � 1=re

, ð35Þ

KB ¼ �
C1 �D

�
AD
�
B

C1 �D
�
A þ 1� C1ð ÞD�B

�
1=ri þ 1=re
1=ri � 1=re

, ð36Þ

LB ¼
1

’

C1 � 1� C1ð ÞðD�B �D�AÞ

C1 �D
�
A þ 1� C1ð ÞD�B

�
1=ri þ 1=re
1=ri � 1=re

: ð37Þ
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To obtain parameters of B-component redistribution,

CB � C1 ¼MB þ
LB

r
, ð38Þ

we should take the conservation of matter into account:ðre
ri

CBðrÞ � C1ð Þr2dr ¼ 0: ð39Þ

Substituting equation (38) into equation (39), we obtain:

MB ¼ �
3

2
LB

r2e � r2i
r3e � r3i

¼
1

’

C1 � 1� C1ð ÞðD�B �D�AÞ

C1 �D
�
A þ 1� C1ð ÞD�B

�
ðre þ riÞ

2

ðre � riÞðr
2
e þ r2i þ reriÞ

: ð40Þ

Thus, the main results of Model 2 are the following:

The kinetics of shrinking is governed by the slow component diffusion (D�A � D�B):

dri
dt
¼ �

D�A
1� C1 þ C1 � ðD

�
A=D

�
BÞ

re þ ri
re � ri

�
�

r2i
� �

D�A
1� C1

re þ ri
re � ri

�
�

r2i
, ð41Þ

dre
dt
¼ � �

r2i
r2e

dri
dt
: ð42Þ

Vacancy distribution across the shell is:

CV ¼ C
eq
V � 1�

2�

re � ri
þ
�

r

re þ ri
re � ri

� �
: ð43Þ

Redistribution of component B across the shell is:

CBðrÞ � C1 ¼
C1 � 1� C1ð Þ

’

ðD�B �D�AÞ

C1 �D
�
A þ 1� C1ð ÞD�B

re þ ri
re � ri

�
�

r
�
3�

2

r2e � r2i
r3e � r3i

 !
: ð44Þ

In full analogy with Model 1 we can obtain a rough estimate for the

shrinking time:

tcollapse �
kT

12ð1� C1Þ��

r3f
D�

with D� �
D�AD

�
B

C1 �D
�
A þ 1� C1ð ÞD�B

: ð45Þ

Characteristic profiles of CVðrÞ=C
eq
V and CB (r) are shown in figure 3.

Time dependencies of inner and external radii (typical example is presented

in figure 4) were calculated up to some minimal radius (in our case it was 3�),
since with the inner radius tending to zero, the accuracy of the finite difference

method becomes poor. We can stop the calculation earlier, since the late stage of

shrinking is very fast (collapse) due to the inverse dependence of the rate on the inner

radius. Thus, time of full collapse is practically equal to the time of shrinking to the

abovementioned minimal radius.
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Dependencies of the collapse time on the ratio D�B=D
�
A at initial reduced sizes

ri/�¼ 10, 11, 12, 13, 14, 15 are shown in figure 5. Dependencies of the collapse
time on the initial inner radius ri/� at D�B=D

�
A ¼ 10, 20, 40, 60, 80, 100 are shown

in figure 6.
Figures 5 and 6 demonstrate that the rough approximation of shrinking time

in equation (45) is quite reasonable.

(a)

(b)

Figure 3. Redistribution of vacancies (a) and B-species (b) inside shell, calculated
with Models 2 (squares) and Model 3 (triangles). Nondimensional space coordinate
is �¼ (r� ri/re� ri) � 100. (a) profiles of CV ðrÞ=C

eq
V practically coincide; (b) profiles of CB (r)

inside shell for models 2 and 3 differ substantially but not by order of magnitude.
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2.3. Model 3: steady-state vacancies and non-steady-state for component B

In this model we shall still use the steady-state approximation for vacancies

but will solve the non-steady-state diffusion equation for the redistribution of

component B between the moving surfaces.

2.3.1. Basic equations. As in Models 1 and Model 2, we have ð@=@rÞðr2JVÞ � 0,
so that �JV � ðKV=r

2
Þ ð>0Þ. Yet, we do not have similar equations for B.

(a)

(b)

Figure 4. Time dependencies of inner (a) and external (b) radii according to Model 2.
Nondimensional time is ~tt ¼ ðD�Bt=�

2
Þ. Characteristic size � was introduced in equation (2).
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Therefore, in this more general case, equation (23) transforms into

@CV

@r
¼

DB �DA

DV

@CB

@r
�

KV

DV

1

r2
: ð46Þ

Let, as in Model 2, DA, DB, DV, ’ be approximately constant inside the nanoshell

with narrow homogeneity range. Integrating equation (46) over all possible radii

inside the nanoshell, we obtain the relation between the growth rate parameter

KV and the boundary values of the B-concentration:

KV ¼ C
eq
V �DV � � �

re þ ri
re � ri

�
DB �DAð Þ CBðreÞ � CBðriÞð Þ

1=ri � 1=re
: ð47Þ

Figure 5. Dependence of nondimensional collapse time ~ttcollapse ¼ ðD
�
Btcollapse=�

2
Þ on the

ratio of diffusivities D�B=D
�
A for models 2 and 3 at different initial nanoshell sizes (ri0/�).

(For example, 11(M3) corresponds to the collapse time dependence on D�B=D
�
A, calculated

for initial size (ri0/�)¼ 11). Difference is small in all cases.

Figure 6. Dependence of nondimensional collapse time on cubed initial nanoshell sizes
(ri0/�)

3 for models 2 and 3 at various ratios of diffusivities D�B=D
�
A. (For example, 20(M3)

corresponds to the collapse time dependence on (ri0/�)
3 calculated for the ratio of diffusivities

D�B=D
�
A ¼ 20). Difference is small in all cases.
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On the other hand, integrating equation (46) over r from the inner radius to some

arbitrary value, we obtain the interrelation between vacancy and B redistributions:

CV ðrÞ ¼ CV ðriÞ þ
DB �DA

DV

� CBðrÞ � CBðriÞð Þ þ
KV

DV

1

r
�

1

ri

� �
: ð48Þ

By combining equation (24) and equation (46), we get:

�JB ¼ �
D�AD

�
B’

C1 �D
�
B þ 1� C1ð ÞD�A

@CB

@r
�

C1 �D
�
B

C1 �D
�
B þ 1� C1ð ÞD�A

KV

r2
: ð49Þ

Then equation (23) for the redistribution of B with steady-state vacancies

becomes rather simple:

@CB

@t
¼ DNG

1

r2
@

@r
r2
@CB

@r

� �
, riðtÞ < r < reðtÞ

DNG ¼
D�AD

�
B’

C1 �D
�
B þ 1� C1ð ÞD�A

:

ð50Þ

For boundary conditions and for boundaries movement we obtain, using

equations (26)–(29):

@CB

@r

����
ri

¼ �
KV

r2i DNG

C1 � 1� C1ð Þ
D�B �D�A

C1 �D
�
A þ ð1� C1ÞD

�
B

¼ �
KV

r2i
C1 � 1� C1ð Þ

D�B �D�A
’D�AD

�
B

, ð51Þ

@CB

@r

����
re

¼ �
KV

r2e
C1 � 1� C1ð Þ

D�B �D�A
’D�AD

�
B

: ð52Þ

Thus the smaller the ratio D�A=D
�
B, the sharper is the segregation at the

boundaries.
Shrinking kinetics is governed by the next equations:

dri
dt
¼ �

KV

r2i
,

dre
dt
¼ �

r2i
r2e

dri
dt

, ð53Þ

with KV being determined in equation (47) and dependent on sizes and compositions

at interfaces.
Equation (47) and (50)–(53) form a full set for a ‘‘Stephan-like’’ problem with

diffusion between two moving boundaries in spherically symmetrical shell. A direct

solution (even a numerical one) is complicated, due to the problem of changing

grid. So, we propose below to change variables, making equations somewhat

cumbersome, but fixing the grid:

x ¼
r� riðtÞ

reðtÞ � riðtÞ
, � ¼ C

eq
V

Bt

�2
, �i ¼

ri
�
, �e ¼

re
�
: ð54Þ
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Here B ¼ ðD�B=CVÞ, which we take as constant, which appears to be a reasonable

assumption for an ordered, nearly stoichiometric phase.
Let A ¼ ðD�A=CVÞ, so that

DV ¼ CAAþ CBB: ð55Þ

The new variable x belongs to the interval (0, 1). Moving boundaries now

correspond to x¼ 0 and x¼ 1. Due to the transformation of derivatives we get

@

@r
¼

1

� �e � �ið Þ

@

@x
,

@

@t
¼

B

�2
@

@�
�

�
1� xð Þ

d�i
d�
þ x

d�e
d�

	.
�e � �ið Þ

@

@x

� �
: ð56Þ

The equations become more extended, but they are now suitable for numeric

solution using the fixed grid. The equation for redistribution of species B within

interval 0<x<1 reads:

@CBð�,xÞ

@�
¼

�
1� xð Þ

d�i
d�
þ x

d�e
d�

	.
�e � �ið Þ

@CB

@x

þ
1

�e � �ið Þ
2
� �e � �ið Þxþ �i½ �

2

@

@x
�e � �ið Þxþ �i½ �

2
� dng �

@CB

@x

� �
 �
ð57Þ

with dng ¼ ’ððA=BÞ=ðC1 þ ð1� C1Þ � A=BÞÞ.
In non-dimensional units the shrinking rates are:

d�i
d�
¼ �

~KKV

�2i
,

d�e
d�
¼ �

~KKV

�2e
: ð58Þ

For ~KKV the expression

~KKV ¼ dv
�e þ �i
�e � �i

� ’
1� A=Bð Þ CBðx ¼ 1Þ � CBðx ¼ 0Þð Þ

1=�i � 1=�e
: ð59Þ

The boundary conditions are:

@CB

@x

����
0

¼ �
~KKV

�e � �ið Þ�2i
C1 � 1� C1ð Þ

1� A=B

’A=B
, ð60Þ

@CB

@x

����
1

¼ �
~KKV

�e � �ið Þ�2e
C1 � 1� C1ð Þ

1� A=B

’A=B
: ð61Þ

Comparison of the numerical solution for Model 3 and the analytical solution

for the less rigorous Model 2 is represented in figures 5 and 6. This comparison

demonstrates that in most cases Model 2 is quite good for practical estimates. The

most rigorous Model 4 with non-steady-state equations for both vacancies and

component B is briefly reviewed in Appendix A.
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3. Segregation of pure B at the inner surface

We can see from the results of Model 2 and Model 3 that, with decreasing inner

radius, the segregation of the fast diffusant B increases. Sooner or later it can exceed

the homogeneity range of the intermediate phase, which could lead to precipitation

of the almost pure B-phase at the inner surface. Formally, to conserve the spherical

symmetry, after the precipitation the nanoshell should consist of two subshells –

pure B inside, and inhomogeneous IMC outside. Thus, we would have three

interfaces instead of two – void/pure B, pure B/IMC and IMC/media.
Yet, this scenario seems to be highly improbable. More probable is that the

pure B will precipitate as one or few tiny pieces in the remaining void, adjacent to

the IMC shell, as depicted in figure 7. With time the residual void will disappear, and

we obtain pure B inside the inhomogeneous IMC-shell. After some time the partial

homogenization of IMC will proceed, leaving the nonzero difference of composition

between the inner and the external interface due to the curvature effect.
Yet, the most probable scenario is much simpler. The decrease of the inner

radius, simultaneously with increasing segregation, causes the shift of the equilib-

rium boundary concentration of B inside IMC at the curved interface between B and

IMC. Let us compare these two equilibrium concentrations. According to standard

thermodynamics at curved interfaces, the mentioned shift is equal to

�CBðriÞ ¼
2�B=IMC�

g00IMC 1� C1ð Þ

1

ri
: ð62Þ

IMC

IMC

B

B

B

IMC

V

Figure 7. Possible scheme of precipitation of B at inner interface. Amount of precipitated B
is schematically exaggerated.
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On the other hand, according to equation (44), even for diffusivity of A tending
to zero, the segregation at the inner boundary is less than

CBðrÞ � C1 ¼
1

g00IMC 1� C1ð Þ

re þ ri
re � ri

�
2�void=IMC�

ri
: ð63Þ

The difference between equation (63) and equation (62) may be positive, meaning
precipitation, but the absolute value of super-saturation will be very small, taking
into account usually the large second derivatives of Gibbs potential over concentra-
tion (g00) for a highly ordered intermetallic phase. Thus, we expect that the
segregation cannot exceed the size-dependent homogeneity range too much, and
the precipitation of B, if attainable at all, will be small.

4. Kinetic Monte Carlo simulation of shrinking of a nanoshell

Analyses presented in the previous sections are purely phenomenological and do not
take into account the possible peculiarities of diffusion and structure changes in
nanoparticles. It is important to check the main ideas of shrinking of a nanoshell
by direct kinetic Monte Carlo simulation.

We have simulated the nanoshell behavior for two cases: (1) pure
component B with FCC lattice in vacuum in subsection 4.1; (2) an ordered FCC
phase of initially homogeneous composition A1B3 in vacuum in subsection 4.2.

Basic algorithm

We consider pair interactions only with nearest neighbors. To compare the rates of
shrinking of pure B (case (1)) and of IMC (cases (2), (3)), we used a constraint of
equal average pair energy in the random alloy approximation:

C2
A�IMC

AA þ 2CACB�IMC
AB þ C2

B�IMC
BB ¼ �

pure
BB : ð64Þ

Namely, we have chosen the following pair energies: ð�
pure
BB =kT Þ ¼ �0:414 for case (1)

and ð�IMC
AA =kT Þ ¼ �0:18045, ð�IMC

AB =kT Þ ¼ �0:8, ð�IMC
BB =kT Þ ¼ �0:2 for case (2).

Different pre-exponential frequencies �0A, �0B, are introduced for A and B
species. Candidate for the jumping atom is chosen randomly from the array consist-
ing of NA A-atoms and (�B/�A)NB B-atoms. Since we have a large number of surface
atoms, often an atom has several (0	Z	 12) possible jump directions. For each
of them the difference of energies after jump and before jump is calculated. Zþ 1
events are possible – jump into one of Z empty site or no jump at all (staying in site).
Probabilities of these events are calculated [10, 11] as:

pðiÞ¼ exp �
Eafter

ðiÞ�Ebefore
ðiÞ

kT

 !. XZ
j¼1

exp �
Eafter
ð jÞ�Ebefore

ð jÞ

kT

 !
þ1

" #
,

i¼1, . . . ,Z, ð65Þ

pðstayÞ¼1

. XZ
j¼1

exp �
Eafter
ð jÞ�Ebefore

ð jÞ

kT

 !
þ1

" #
: ð66Þ

4460 A. M. Gusak et al.



4.1. Pure B-shell in vacuum

There are 76662 atoms of B initially to form a nanoshell with FCC lattice, with inner

radius ri¼ 7a (a – lattice parameter) and external radius re¼ 17a. No initial vacancies
were introduced in the nanoshell. They started coming into the nanoshell from the
vacuum. Rather soon the faceting of the inner void became observable, though not
very pronounced at the given energy/temperature and sizes. As expected, the void

started shrinking due to clearly observable vacancy out-flux. The whole shell
collapsed after 3650 Monte-Carlo steps (MCS). Three snapshots (‘‘equatorial’’
cross-sections of the simulated 3D-picture) are presented in figures 8(a), 8(b), 8(c).
Change of external radius is hard to detect since at given parameters (even neglecting

newly formed vacancies) it is approximately equal to �re=re ffi ðri=reÞ
3=3 and

is less than 2.4%.

4.2. Ordered IMC-nanoshell in vacuum

An ideally ordered A1B3 compound nanoshell with FCC lattice was initiated, and
there were no vacancies within the nanoshell. Initial sizes were the same as for
the pure B (case (1)). KMC simulations confirm that:

. Shrinking is much slower for a compound shell compared with a pure element
shell (figure 8e, 8f ).

. The fast diffusant can indeed segregate at the inner surface, but the segregation
is small.

. The order is basically conserved during shrinking.

5. Summary

(1) Nanoshells, produced in the diffusive reactions of nanoparticles with ambient
with simultaneous formation of Kirkendall voids inside, are unstable in
principle, but the shrinking time can be very large due to its cubical

(a) (b) (c)

(d) (e) (f)

Figure 8. Snapshots of nanoshell shrinking in vacuum: top (a,b,c) – pure element nano-
shell, bottom (d,e,f) – compound nanoshell (only ‘‘equatorial’’ cross-sections are given).
(a,d) – initial configuration, (b,e) – after 1800 MCS, (c,f) – after 3600 MCS.
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dependence on the radius of the nanoparticle. Mechanism of shrinking is the
out-diffusion of vacancies from the void due to curvature effect.

(2) Shrinking of a nanoshell of intermetallic compound with a large difference
between diffusivities of components is accompanied by segregation of the fast
diffusant at the inner boundary due to the inverse Kirkendall effect.

(3) The rate of shrinking is controlled by the slow species, contrary to usual
interdiffusion with quasiequilibrium vacancies.

(4) The steady-state approximation for both vacancies and atoms provides
a reasonable and simple scheme for predicting the shrinking kinetics.

(5) In order to properly describe the details of segregation, one must take into
account the non-steady state redistribution of atoms, but the steady-state
for vacancies can be used.

(6) Kinetic Monte Carlo simulations confirm the main predictions of the
phenomenological models.
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Appendix A: Model 4. Non-steady-state redistribution of vacancies and atoms

Basic equations:

@CV

@t
¼

1

r2
@

@r
r2 � DB �DAð Þ

@CB

@r
þDV

@CV

@r

� �� �
, ðA1Þ

@CV

@t
¼

1

r2
@

@r
r2 DB

@CB

@r
�
CBD

�
B

CV

@CV

@r

� �� �
, ðA2Þ

dri
dt
¼

DADB

ðCADB þ CBDAÞ’
�
1

CV

�
@CV

@r

� �
r¼ri

, ðA3Þ

dre
dt
¼

DADB

ðCADB þ CBDAÞ’
�
1

CV

�
@CV

@r

� �
r¼re

, ðA4Þ

@CB

@r
ðriÞ ¼ CACB

DB �DA

ðCADB þ CBDAÞ’
�
1

CV

�
@CV

@r

� �
r¼ri

, ðA5Þ

@CB

@r
ðreÞ ¼ CACB

DB �DA

ðCADB þ CBDAÞ’
�
1

CV

�
@CV

@r

� �
r¼re

, ðA6Þ
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CVðriÞ ¼ C
eq
V � 1þ

�

ri

� �
, ðA7Þ

CVðreÞ ¼ C
eq
V � 1�

�

re

� �
: ðA8Þ

One can see from these equations, prior to any solution, that the shrinking rate

will be controlled by the slow species diffusion. Indeed, if DA � DB, then

DADB

CADB þ CBDA

�
DADB

CADB

¼
DA

CA

:

Thus, the smaller the ratio (DA/DB), the slower is the shrinking rate. It means

that the nanoshell, though unstable in principle, can be a rather long-living object.
As in Model 3, we propose to change variables, fixing the boundaries at:

x ¼
r� riðtÞ

reðtÞ � riðtÞ
, � ¼

Bt

�2
, �i ¼

ri
�
, �e ¼

re
�
: ðA9Þ

Here B ¼ ðD�B=CVÞ, which we take as constant (seems to be a reasonable

assumption for ordered, nearly stoichiometric phase).
We will also use A ¼ ðD�A=CVÞ, so that DV ¼ CAAþ CBB.
The new variable x belongs to the interval (0, 1). Moving boundaries now

correspond to x¼ 0 and x¼ 1. Thus, equations (A1–A8) are transformed into

the following set:

@CVð�, xÞ

@�
¼

�
ð1� xÞ

d�i
d�
þ x

d�e
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2
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2

�
@

@x
�e � �ið Þxþ �i½ �
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A
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@CBð�, xÞ
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�
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 �
,

d�i
d�
¼

A=B

CAð0Þ þ CBð0Þ � A=B

@CV

@x
ðx ¼ 0Þ,

d�e
d�
¼

A=B

CAð1Þ þ CBð1Þ � A=B

@CV

@x
ðx ¼ 1Þ,
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@CB

@x

����
x¼0

¼ CAð0ÞCBð0Þ
1� A=B

CAð0Þ þ CBð0Þ � A=B

1

’CVð0Þ

@CV

@x
ðx ¼ 0Þ,

@CB

@x

����
x¼1

¼ CAð1ÞCBð1Þ
1� A=B

CAð1Þ þ CBð1Þ � A=B

1

’CVð1Þ

@CV

@x
ðx ¼ 1Þ,

CVðX ¼ 0Þ ¼ C
eq
V � 1þ 1=�ið Þ, CV ðX ¼ 1Þ ¼ C

eq
V � 1þ 1=�eð Þ,

�iðt ¼ 0Þ ¼ �i0, �eðt ¼ 0Þ ¼ �e0:

A numeric solution of the above formulated problem confirms the main
result that the time of void shrinking is approximately inversely proportional
to the ratio A/B¼DA/DB.
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