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ABSTRACT

Many small-angle neutron experiments have proven that concentration
fluctuations develop in liquid alloys. The present work is devoted to the study
of the relaxation of these concentration fluctuations. The mathematics associated
with the analysis is close to the normal mode treatment of lattice vibrations.
When applied to a ternary liquid exhibiting strong heteroatomic bonding
between two components having high atomic mobilities, a long-lived clustering
mode of relaxation and a short-lived substitutional mode are defined. It is found
that the long-lived clustering relaxation mode is generated from a concentration
fluctuation which is also the most probable. This gives physical meaning to the so-
called ‘clustering’ in liquids where atomic cohesion is governed by metallic
bonding. The possible influence of these long-lived clusters on crystalline
nucleation is also discussed.

§1. INTRODUCTION
Recently a new mechanism of nucleation in the undercooled liquid alloys has
been proposed and applied to binary systems presenting a tendency to phase separa-
tion (Cini et al. 2000). This homophase fluctuation-mediated (HFM) mechanism of
nucleation consists of two consequent steps.

(1) First, thermal homophase concentration fluctuations generate small regions
where the composition is close to that of the expected crystalline nucleus.

(i) Then, polymorphous (or partitionless) nucleation occurs, at a frozen
composition, in the prepared region.

It has been found that the average lifetime of thermal concentration fluctuations
is significantly greater than the transient time required for the establishment of
stationary polymorphous nucleation inside relevant fluctuations.
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A fundamental point at the basis of this model remains the importance of the
relaxation time of those nucleant fluctuations. In fact, relaxation of concentration
fluctuations in a liquid containing v components is a superposition of v — 1 pro-
cesses, each of them being characterized by its own relaxation time (Kirkaldy 1975,
Gusak and Zakarov 1979, Gusak and Gurov 1994). The mathematics associated
with this analysis are close to the classical normal-mode treatment of lattice vibra-
tions, but in the present application the transformation to normal fluctuation modes
appears to be not unitary.

Among the ensemble of relaxation modes, one can expect that some fluctuations
relax more slowly than others. If so, the HFM mechanism of nucleation is favoured
in the corresponding directions in concentration space, particularly when these con-
centration directions are close to the stoichiometry of expected nucleating com-
pounds.

The present work is focused on the normal-mode analysis applied to the relaxa-
tion of thermal concentration fluctuations. For simplicity the study is limited to a
ternary liquid.

§2. CONCENTRATION FLUCTUATION MODES: GENERAL ASPECTS
The average mole fractions of a ternary liquid 1-2-3 are given by ¢, ¢, and
c3=1—c¢; —¢,. d¢(t,x) and dc,(z,x) designate the concentration fluctuations of
components 1 and 2 respectively. The relaxation of these concentration fluctuations,
which is a function of time ¢ and distance x, obeys the usual Fick law:

0 (0Oc Dy, D c
O [0 —v 11 12 v €y ’ (1)
al aCZ D21 D22 aCZ
where D, D;,, Dy, and D, are the classical diffusion coefficients. The correspond-
ing fluxes are such that J;, = —nD,; Vc,, where n is the number of atoms per unit
volume.

For small fluctuations, the interdiffusion coefficients in the matrix D are taken
constant, so that

a i 2
a—cl = Dy Vo, (2)
k=1

where 7 and k designate the components.

Some linear transformation (non-unitary in general) diagonalizing the diffusivity
matrix is defined. New parameters u,, representing linear combinations of concentra-
tion fluctuations with constant coefficients a; (defining a matrix a) are introduced:

u, = Z (a™h),.5c¢;. (3)

When condensed in a matrix form, equation (3) can be written & = 4~ ' 8¢. The sign *
denotes matrix for a and D and row for @ and ¢.
Using the parameters u,, equation (2) becomes
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The matrix 4 is chosen so that a~'Da is diagonal:
PR o0
a1 q — =
a Da=D= < o p® ) (5)

As can easily be shown, this diagonalization determines the eigenvalues D" and D
and the ratios a,;/a;; and a,,/ay, such that

p p@ _ D+ Dy, 4 <(Dl1 +D12)2 _ det ﬁ) v (6)
’ 2 4
ay Dt — Dy, - Dy,
a, D DU _Dpy’ 7
app DY — D>, o D,
ap Dy DY —Dpy’

where det D = DD,y — D|,D,; = DWDP The coefficients a;; and a,, can be taken
to be arbitrary and in fact, do not influence the results. For simplicity, one can
choose them to be equal to unity.

The diagonalization means that the parameters u; and u, behave as relaxing
independently; this leads to

Qu; Ou,

o Ot
The corresponding relaxation times are such that 7! = 2/6D"V and 7* = 2 /6D,
where / is the characteristic size of the fluctuation region (referring to the HFM
nucleation mechanism, / corresponds to the critical radius of a spherical crystalline
embryo). Note that relaxation of the concentration fluctuations is a linear combina-
tion of u; and u, such that

DY vy, = D? V2u,. (8)

66‘1 = dj Uy —|—a12u2, 66‘2 = dy Uy +6122H2.

Let us consider an initial fluctuation (at time ¢ = 0) of Gaussian type with dispersion
I

Al X2
6¢1(0,x) MDD exp <—ﬁ>,

56,(0,%) A, x?
(0, x) =————=exp | ——|.
N e T

Then the initial distribution of the parameters u; and u, is given by the following
relation:
B; x?
ui(O,x) :W eXp <— ﬁ)

-1 -1
B =a; A + ap A,

9)

with

i designates component 1 or 2.
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Solving the Fick equations for infinite x space, one obtains

> exp[—(x — x')? /4D

/ /
oo (4TED(i)l)l/2 ui(Oax )dx

u(t,x) :J

_ Bi ex X2 (10)
“2e@p0i 1 22 TP\ 2@ w20 )

The average value of u; in the interval (—/,/) is taken as a measure of the relaxation
of the fluctuation:

_ 1
u(t) = ﬁj,, u;(t, x) dx. (11)
This leads to

_ 1 1
(1) = 5 Bi erf <[2(1 N 2D(i>t/12)]1/2>'

Then, relaxation of the concentration fluctuations d¢; and dc, obeys the following
formulae:

(12)

_ ay(a' 4) +ap; 4;) erf< 1 )

2 [2(1 4 2DW¢/12))'/>
Ky
+012(0511A1 +ap 4,) of 1 (13)
2 [2(142D@¢/12)]"? )’
K
52,(1) = ay(a' Ay +ap; Ay) orf 1
? 2 (1 +2DW¢/ 1))
Ky
n ay(ay) Ay + ay) A,) orf 1
2 [2(1 4 2D@¢/12))'/?
Ky

Equations (13) determine the evolution path of fluctuations in the concentration
space. The direction of the relaxation can be represented in the Gibbs triangle by
the tangent to the path as shown schematically in figure 1. The expression for the
tangent to the path is deduced from equations (13):

a(52,) /o

t —

~ 3(8¢,) /01
Ky DV (1+2DW1/2) 32 exp[1/2(1 42DVt 1)
_ Ky, DO (1 +2DP1/) 3 exp[1/2(1 4200y 12) (14
K, DV (1+2DW1/P) 37 exp[1/2(1 42DVt 1))
+K;,DP (1 42DP1/12) 32 exp[1/2(1 4+ 2DP1/17))
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Figure 1. Gibbs triangle for a ternary system 1-2—-3 where a schematic trajectory of a relax-
ing concentration fluctuation from ¢y + 8¢ to ¢, is represented (left-hand part of the
figure). The kinetic curve of relaxation along this trajectory is displayed by full circles
at identical time intervals. Note that the represented diffusion path is not S shaped
since the trajectory does not result from a classical diffusion couple but from a change
in composition in the limited volume of initial fluctuation. Along section ¢; = ¢, = ¢,
duy = 0 is the direction of the substitutional mode and du; = 0 corresponds to the
clustering mode when atomic mobility of component 3 is very small.

Let us consider the limiting cases t — 0 and ¢ — oc.

(1) For short times, the direction of the path can be written

Ky + K»,D? /DY

tan o),_, ~ . 15
( 0‘);70 K“ + KlzD(z)/D(l) ( )
(i) For long times the direction of path becomes
K (D@ /pIH1/2 4 g
(tan a),_,, ~22D /D )+ Ky (16)

Ky (DR /D)2 4 Ky

A link between these tangents with independent modes is expected. To check
this, the particular limiting case where p¥ « pW (which means that the second
mode is much slower than the first mode) is studied.

Then, at the beginning (7= 0), one has from equations (16) and (13)
tan oy ~ K,,/K;; = ay,/a;;. This means that
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do|  _o (174)
dep|,g  an
or
—a! o)
ay de; —ayde, = det ;1,1 T~ detzzzi*l de,
1
T deta! diy
=0. (17b)

Thus, for short times, du, = 0, so that the composition point moves along the line of
constant u,. For long times, it follows from equations (16) and (13) that

K a
tan qo, &~ —= = = (18a)
Ky, ap
or
de a ap)! _ _
—2 :£:—+11, dulzalll dC1—|—a121 dCZZO. (18]))
dCl t—00 [43%) 6112

At the end of the relaxation, the composition point tends to move along the line of
constant u; (figure 1). It appears that relaxation proceeds in two steps: first, relaxa-
tion of the fast mode (u, constant) and, then, relaxation of the slow mode (u;
constant). A representation of this effect is given in figure 1 where equal time inter-
vals are noted by full circles on the schematic evolution path of a fluctuation relaxa-
tion between ¢y, + dc and ¢,. To illustrate the above-mentioned formalism, the
following example is treated.

§3. ‘CLUSTERING’ AND ‘SUBSTITUTIONAL’ MODES IN TERNARY LIQUIDS WITH
STRONG HETEROATOMIC BONDING BETWEEN TWO COMPONENTS

Let us consider a ternary liquid ABC with strong heteroatomic bonding between
components A and B. In the following, 1 designates component A, 2 component B
and 3 component C.

The sub-regular solution approximation is used with average coordination num-
ber z, and interchange energies Ay, = z[eg — (€5 + €x)/2] (€4 are the nearest-
neighbour pair energies between the ith and kth species; they are negative; hetero-
atomic bonding between components i and j yields negative \;).

The flux of each component, in the laboratory reference frame, is equal to

Ji=Ji+ncw (19)
with

.D*
1

. c
Ji=-—nLiVp;=—n

Vi, 0=kT.
L; is the corresponding Onsager coefficient, D* is the tracer diffusivity of i and y; is

the chemical potential of the ith component. w is a drift velocity, determined by the
condition Y7 J; = 0 which yields

1SN
w = —;Z Ji- (20)
1
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In equation (19), the cross-terms caused by the vacancy wind described by Manning
(1968) have been neglected. Using equations (19) and (20) and finding the chemical
potentials y; from the standard expression for the Gibbs energy of regular solutions,
the explicit forms of the diffusivity matrix elements are found to be

¢
Dy =(1- Cl)DT(l —71[)\126'2 + Az —cp+1) = )\2302]) +...

%

D
+ 010272[—)\21(1 —¢3) + A3(1 = ¢3) + Ajz(es — ¢)]
¢
+ C1D>X3<(1 —33[)\31(1 =3t ¢p) + Ao — )\1202]),
D*
|
Dy, =—(1- 01)017[—)\12(1 =)+ A1 = ¢)) + Asles — )]
¢
- ClDﬂz((l —32[)\2101 +Aple3 =+ 1) - )\1301])

¢
+C1D>X3<(1 —?3[)\31014')\32(1 —C3+Cz)—)\12€1]), (21)

Cc
Dy, = —CzDT(l - ?l[)\lzcz tAnle —a+1) - )‘2362])

%

—(1- 02)02%[—)\21(1 —¢3) + Aas(l = ¢2) + Aiz(es —¢p)]

¢
+ CzD§(1 - 33 Ai3(1 = c3 4+ ¢p) + Azpep — )\1202]),

%

D
Dy, = 020171[—)\12(1 —c1) F Al =¢p) + Ass(es — )]

%

¢
+(1 - Cz)Dz(l —32[)\2101 + Az —er+1) — )\1301])

¢
+ CzD§(1 —?3[)\316'1 +An(l —c3+c) — )\2101])-

Owing to the complexity of these expressions and in order to proceed further, sim-
plifications are required. As we are concerned with strong heteroatomic bonding
between species 1 and 2, A;3 and \,; are neglected in comparison with A\, = A,
that is [Ay3], [Ags] < [Ap| = [A]-

Furthermore, the following limiting cases concerning atomic mobilities are
studied.

3.1. Low atomic mobility of component 3
First, let us treat the case where the atomic mobilities of components 1 and 2 are
taken to be equal and much larger than that of component 3. D% is neglected with
respect to D} = D5 = D*, that is

D% < DY = D% = D*.
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With these simplifications, equations (21) are reduced to

1 A
ﬁDll =1l-q —5016‘2(2— ¢ — ),

A
ﬁDzz =l-0c —50102(2 — ¢ = ).

The eigenvalues have the following form:

1 >
pW p@ = D*< “;‘3 <1 - 2c1c2%>

14¢ o 4e
+ +C3 <1—2C1C2é> _LZ
2 0 (1+¢5)

Let us consider the particular case where ¢; = ¢; = ¢, ¢; =1 —2cwith0 < ¢ <1
Diagonalization is provided by taking

) < 1 1>
a= .
-1 1
The expressions for the diffusivities of the independent modes become of the forms

P — D*<1 - %) (24a)

1/2
1 2cc)\ ccc<)\>2]}/>
— 2C1C— — €103 .
0 0

(23)

D — D*<1 —2c+c(1— 20)2%>. (24 D)

The corresponding directions in the composition space are determined in the follow-
ing way: du, = 0 yields a3 de¢; + a5, de, = 0 and thus

de, @y _ay DY-D,

dey _6621 Cay Dp -t (25)
de, = —dey;

du; = 0 gives aj}' de; + a3 de, = 0 and thus
%:_ﬂzﬁz—Dﬂ :_|_1
de, al  ap, D® — Dy ’ (26)
dey, = dey.

From equation (25) the first mode D" means ‘substitutional fluctuations’ (see
figure 1), where the concentration of component 2 changes only to the extent of
component 1, leaving the concentration of component 3 undisturbed. It is seen from
equations (24 @) and (24 b) that, when A < 0, the first mode D' is faster (note that
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D < P in the whole concentration range 0 < ¢ < %). In fact, the high diffusivities
of components 1 and 2 favour exchange between components 1 and 2, leaving the
concentration of species 3 unchanged. The absence of concentration gradient in c;
with the supposed low mobility of component 3 (D} ~ 0) means that the mobile
components 1 and 2 are responsible for the faster substitutional mode This latter
kinetic argument is consistent with equations (24 a) and (24 b) where D is formally
greater than D® when A > 0. Note that, the more negative A is (the stronger 1-2
heteroatomic bonding), the faster is the diffusion rate of the ‘substitutional mode’
and the faster is the relaxation of fluctuations towards equiatomic concentration.

The second mode, where the concentration of each pair of interacting compo-
nents 1-2 changes simultaneously (dc, = de¢;) in the direction leaving the ‘stoichio-
metry’ constant is designated as a ‘clustering mode’ (see figure 1). In fact, the
occurrence of this clustering mode induces a significant variation in the concentra-
tion ¢3 such that d¢; = —2 8¢, but, owing to the small atomic mobility of component
3, the resulting relatively high gradient in c¢; is unable to generate a significant
relaxation flux. Thus, it is understood from a physical point of view that the cluster-
ing mode is the slower. Again this is in complete agreement with equations (24)
provided that A < 0. The more negative A is, the greater is the ratio of the relaxation
time T(l?w of the slow mode (clustering mode) to the relaxation time Télls)l of the fast
mode (substitutional mode). This ratio is given by

@)
Taow _ D _ VLA (27)
AV D@ —2e 4 e(1-2¢)°0/0

fast

The ratio 7-510 /T[asl, as a function of ¢, is represented in ﬁgure 2 for d]fferent values of

A/0. The following features are found. For A\/6 > —6.56, 7, SIOW/TMSl increases mono-

A /KT
1 Tslow/ Tfast —————— 161
-1.5
—_——— -8
200
100
C

Figure 2. Representation of the ratio 7oy /Trst Versus concentration ¢; = ¢, = c¢ for different
values of A\/kT. Phase separation is obtained when \/kT < —8.
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tomcally with increasing concentration c¢. For \/0 < —6.56 there is d)mdx1mum

SlOW/ [asl at around c¢ —%. When A/0 = (A/0) a1 = =8> SIOW/TMSl diverges
at ¢ = i(D(z) =0). When A\/6 < —8, there are two values of ¢, namely ¢; and c,,
for which D = 0; ¢, and ¢, are such that

1+ (14 8)/0)"?
1=y o8)
4
When ¢; < ¢ < ¢, phase separation occurs in the liquid phase (D® < 0). The
critical temperature for phase separation is such 7, = —\/8R. (Note that the expres-

sion for T is quite different from that obtained for a binary liquid exhibiting a tendency
to phase separation (A > 0) which, for a strictly regular solutlon is T, = \A/2R.)

When ¢ tends towards (1 e. to the binary liquid 1-2), D® tends towards zero;
this yields a diverging rdth 7-10 /7-[(33l at ¢ = é As expected, when approaching this
limit, the substitutional mode D" becomes the only mode describing relaxation in
the binary system 1-2.

Furthermore, it can be checked that the determinant associated with the thermo-
dynamic matrix, namely

Tg g
0z 0c; Ocy
g O’g

aCZ aCl ac%
(g is the molar Gibbs energy of the liquid) is equal to zero at the same concentrations
as given by equation (28).
Consequently, the above-mentioned ‘substitutional’ and ‘clustering’ modes have
significance not only from a kinetic viewpoint but also from a thermodynamic view-

point. It has been shown (Gusak and Zakharov 1979) that the transformation matrix
a diagonalizing the diffusion matrix diagonalizes the thermodynamic matrix as well:

(1
a—lan [ & 0
a ga_g0_< 0 g(2)>' (29)

Note that in the general case the matrix a is not unitary, but in the present symmetric
case (c; = ¢,) it becomes

2R A A “
TR\ ) Tar\a ) G0

In the present application the following expressions for g(l) and g(z) are obtained:

1 2 A
—o) — o~
9 Tel-20 "9
(31)
lo__2 5,2
6 T l-20 "9

The probability of arbitrary homophase fluctuation in some region containing N
atoms is classically given by

N2
P o exp <—2—922gﬂc o¢; 6Ck>,
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an expression which can be easily transformed into the following form:

N N
Pocexp (~ 36 w)?) exp (~2e ). 3
This means that the above-mentioned parameters u; and u, fluctuate independently
not only in the kinetic features but also in the thermodynamic features.

The mean-squared fluctuation is found to be larger for the ‘clustering mode’
when X < 0; (13) > (u?) with:

w201 1
YT Ng® T NT/e(1=2¢) +A/0°
(33)
26 1 1

(ut) =

Ne®  Ne(1-2¢)— N6

Note that, when A\/6 < —8, the range covered by the ‘clustering mode’ tends to
infinity for the concentrations given by equation (28).

It is noteworthy that the ‘clustering mode’, which has been found to be more
slowly relaxing, appears to be also more probable. This result means that strong
heteroatomic bonding in undercooled multicomponent liquids may favour the for-
mation of ‘long-lived concentration fluctuations’, which can be considered as defin-
ing clustering effects in liquids where atomic cohesion is governed by metallic
bonding. The relatively great probability of formation of these clusters together
with their long lifetime act to enhance the HFM nucleation mechanism, particularly
when an expected nucleating compound has nearly the same composition as that of
the clusters.

It is notable that, in the case where A > 0 (repulsing interaction between 1 and 2)
with  the  previous  hypothesis  concerning the atomic  mobilities
(D% < D'} = D5 = D*), the substitutional mode would become the slower. Such a
mode would classically lead to phase separation for large A\/6. In this latter case,
phase separation would be initiated by homoatomic clustering.

3.2. High atomic mobility of component 3
It is also of interest to study the opposite limiting case, where the mobilities of
atoms | and 2 are negligibly small compared with that of atoms 3:
D3> D = D3 = D*.
In this case and keeping the condition of very strong heteroatomic bonding
between components 1 and 2 (|Ag3], |As] < [Ajo] = |A]) it is found from equations
(21) that

A
Dll ~ CD>§<1 + C(l — 2()5) = D12 = D21 = D22.
The expressions for the independent modes are
A
DY~ D>§2c<l + (1 - 2c)§>, DY ~0.

Again the mode pY? appears to be the slow mode, but in this case the physical
meanings of the modes change. With
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1 -1 1+l
ﬁ:< ) and ﬁ1=5< )
11 -1 1

it can be found that, for the first mode, du, = 0, which leads to dc; = dc, (the first
mode corresponding to D now means clustering instead of substitution) and, for
the second mode, du; = 0, which yields dc¢; = —d¢, (the second slow mode corre-
sponding to D now means substitution). Thus, in the case of a highly mobile
‘solvent’ (component 3) and low mobility of strongly interacting solutes 1 and 2
the clustering mode is short lived and the substitutional mode is long lived; this
situation is the opposite of that obtained with mobile species 1 and 2.

This last result appears to be reasonable as, for clustering fluctuations
(d¢; = dey, = de), the concentration of the mobile component 3 changes to a max-
imal extent; dc; = —2dc, so that the resulting gradient Ves is significant; this effect
added to large D’; pulls the system back rather quickly (fast relaxation). On the
contrary for substitutional fluctuations (d¢; = —dc,) the concentration of compo-
nent 3 remains undisturbed, de; = 0. As Vez = 0, the resulting flux is certainly very
small (this flux is not rigorously equal to zero as the flux depends formally on the
gradient of chemical potential); this leads to a long relaxation time owing to the low
mobilities of components 1 and 2.

§4. CONCLUSION

This study has been mainly devoted to the analysis of the relaxation of concen-
tration fluctuations in ternary liquid alloys. Two normal modes of concentration
fluctuations have been found to characterize the relaxation of fluctuations.
Application to specific cases allows us to obtain a clear physical meaning of the
eigenvalues corresponding to these modes. For example, when two components
exhibit a strong heteroatomic bonding together with high atomic nobilities, a slower
clustering mode is defined. It has also been found that the long-lived clustering
fluctuations also have a maximum probability of being formed. This allows physical
definition of clustering in metallic liquids.

In a multicomponent liquid containing v components, the relaxation of concen-
tration fluctuations is described by v — 1 normal modes. The particular strong
chemical order between some components can generate long-lived clustering fluctua-
tions whose relaxation is described by the corresponding normal mode. When the
compositions of clusters are close to the concentration of expected nucleating com-
pounds in the undercooled liquid, the HFM mechanism of nucleation is particularly
favoured. This allows us to understand why the bulk glass-forming ability from the
liquid state is particularly sensitive to the average composition of the alloy (Inoue et
al. 1990, Pecker and Johnson 1993, Busch ez al. 1995).
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